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For nonautonomous linear differential equations x = A(¢) x with locally inte-
grable 4: R — RY*¥ the so-called dichotomy spectrum is investigated in this
paper. As the closely related dichotomy spectrum for skew product flows with
compact base (Sacker—Sell spectrum) our dichotomy spectrum for nonautono-
mous differential equations consists of at most N closed intervals, which in
contrast to the Sacker—Sell spectrum may be unbounded. In the constant coef-
ficients case these intervals reduce to the real parts of the eigenvalues of 4. In
any case the spectral intervals are associated with spectral manifolds comprising
solutions with a common exponential growth rate. The main result of this
paper is a spectral theorem which describes all possible forms of the dichotomy
spectrum.
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1. INTRODUCTION

Consider a linear system of differential equations
Xx=A(t) x €))

with A€ L}, = L} (R, R¥*"), the space of locally integrable matrix func-
tions 4:R—>R"*¥ NeN. Let ®: RxR - RV (¢, 1)~ ®(¢, 7) denote
its evolution operator, i.e., ®(-, 7) & solves the initial value problem (1),
x(t) =&, forteR, EeRY.
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We introduce a spectral notion for system (1) which is adequate to
show that the qualitative structure of system (1) carries over to weakly
nonlinear perturbations of (1). Let all Lyapunov exponents for ¢ — oo of (1)
be negative. Then (1) is asymptotically stable (even exponentially stable).
But Hahn [8, Example 3, pp. 321-322] gives a nonlinearly perturbed system

X=AW) x+ft.x), IfEOISCIx|"™**  for |x|<h, C,a>0
@

with unstable zero solution. On the other hand a nonautonomous version
of the theorem of linearized asymptotic stability shows that the zero solu-
tion of (2) inherits the asymptotic stability of (1) if the evolution operator
satisfies the estimate

D, s)| < Ke™  for t>s 3)

with K > 1 and a > 0 independent of ¢, s. If all Lyapunov exponents of (1)
are negative then (3) also holds but now K depends on s € R. The estimate
(3) is a special case of an exponential dichotomy for (1). Exponential
dichotomies also play an important role in the theory of integral manifolds
for systems (2) (see, e.g., Aulbach and Wanner [1]). We agree with Coppel
[7] “that dichotomies, rather than Lyapunov’s characteristic exponents,
are the key to questions of asymptotic behaviour for nonautonomous dif-
ferential equations.”

For linear skew product flows with compact base Sacker and Sell
[11-14] introduced and investigated a spectrum (called Sacker—Sell spec-
trum, dynamical spectrum or dichotomy spectrum) defined with exponential
dichotomies. Since these classical papers a lot of research has been done to
understand and extend this fruitful concept to various situations. For con-
nections with other spectra see, e.g., Johnson, Palmer and Sell [9], Chicone
and Latushkin [2] or Colonius and Kliemann [6]; generalizations to the
infinite dimensional case can be found e.g., in Sacker and Sell [15] and
Chow and Leiva [3-5], etc.

There is a well-known procedure to associate a linear skew product
flow to a linear system (1) of differential equations (see, e.g., [ 14]). There-
fore let : Rx L, — L}, denote the translation which maps every 4 € L,
to its translate a(s, 4) = A(- +s). It is a continuous flow (G. R. Sell [16,
Thm. III.11, p. 43]). Define ¢(¢, A) to be the solution of the matrix differ-
ential equation

X=A41)X, X(0)=IeR"N
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for arbitrary 4 € L,,.. Then (¢, 4, x) — ¢(¢, A) x is a cocycle in R over g,
i.e., it satisfies the cocycle property

$0,A)=1 forall AelL],
P(t+s, A) = ¢(t, 0(s, A)) o ¢(s, A)  forall s,teR, AelL,,

The cocycle ¢(z, A) x is continuous in (¢, 4, x) e Rx L, x R". Since this
important result has not been proved in the literature yet, we indicate its
easy proof here. Let 4, > A, in L;,, for n— oo, i.e., {77 [|4,(s) — Ay(s)Il ds
— 0 for every T > 0. We show only ¢(¢, 4,) - ¢(¢, A,) uniformly in z e J =
[ =T, T] for arbitrary T > 0, the rest is clear. To estimate u,(¢) = ||4(¢, 4,)
—¢(t, Ay)| note that the difference in the norm satisfies the differential
equation X = A4,(1) X +(A4,(t) — 4,(?)) ¢(¢, Ay). Hence with the variation of
constants formula

Uy, (1) < L: ¢ =5, AN - [14,(5) — Ao ()| - P (s, Aol ds

and we are finished if sup,.; ||¢(s, 4,)]| < M for all n e N with some M > 0.
Therefore apply the Gronwall inequality to u, (1) < v,(t) + [§ |4,(s)| - u,(s) ds
with v,(¢) = jf) 14,(s) — Ay ()| - |#(s, 4p)|| ds to get the estimate

)ds

Using the uniform boundedness of sup,.; v,(s) and j s 14, (z)||dr in neN
we get the result. The continuous mapping

0 <00+ [ 0,60 1A Ol-exp

[[14.@) de

mRxLL xRY > Ll xRY, n(t, A, x) = (o(z, A), ¢(t, A) x)

is a skew product flow. Its restriction 7: R x H(A) x RY — H(A) x R" to the
so-called hull H(A) =cl{A(- +s):seR} of A€ L, is said to be the skew
product flow which is associated to the linear system (1).

We stress the point that the existing results on dichotomy spectrum for
linear skew product flows can not be applied to general linear systems (1),
see also Remark 3.2. For this reason we give a direct treatment of the
subject in this paper resulting in a Spectral Theorem describing all possible
forms of the dichotomy spectrum for systems (1). A new phenomenon is
the occurance of spectral manifolds which have an empty or unbounded
associated spectrum. Applications of our Spectral Theorem can be found in
the papers [18] and [19] on block diagonalization and normal forms for
nonautonomous differential equations.
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2. PRELIMINARIES

An invariant projector of (1) is defined to be a function P: R - RV*¥
of projections P(?), t € R, such that

P(t) ®(t,s) = D(t,5) P(s) for t,seR @)

Note that P is continuous due to the identity P = ®(-, s) P(s) ®(s,-). We
shall say that (1) admits an exponential dichotomy (ED) if there is an
invariant projector P and constants K > 1 and a > 0 such that

|®(z, s) P(s)| < Ke ™9  for t=s
|®(z, s)[I—P(s)]|| < Ke®*=* for t<s

In the following the shifted system x = [A(¢) —yI] x for y € R will play an
important role and one can easily see that ®@,(z, s) :=e7"Id(z, 5) is its
evolution operator. If x =[A4(¢)—yI] x admits an ED then its invariant
projector P is also invariant for x = A(¢) x, i.e., (4) holds. The dichotomy
estimates are equivalent to

|®(z, s) P(s)|| < Ke" =9 for t>s

@z, $)[1—P(s)]| < Ke®*?™  for t<s

Remark 2.1. If x=[A(¢)—yl]x admits an ED with invariant
projector P =1 then x =[A(¢)—{I] x also admits an ED with the same
projector for every { >y resp. for every { <y if P=0.

We follow Aulbach [1] and introduce a handy notion describing
exponential growth of functions.

Definition 2.1. Let y € R. A continuous function g: R — R" is

(@) y*-quasibounded if sup, , |g(?)] e " < oo,
(b) y -quasibounded if sup, ., ||g(?)|| e < c0.
Obviously g is y*-quasibounded if and only if for an arbitrary v € R there

exists a positive constant C such that ||g(¢)|| < Ce” for all ¢t € [7, 00). The
zero function is y*-and y~-quasibounded for every y € R.

Definition 2.2. We shall say that a nonempty set # < RxR" is a
linear integral manifold of (1) if
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(a) itis invariant,ie., (t,&)e W = (t,D(t,t) &) e # forallteR,
(b) for every 7 € R the fiber #(t)={,eR":(z,&) e #} is a linear
subspace of R”.

The fibers of a linear integral manifold #~ have constant dimension. Let
dim #" := dim #°(7) denote the fiber dimension. The extended state space
R x R" and the graph R x {0} of the zero solution are always linear integral
manifolds. A linear integral manifold is a topological manifold in R x RY
and a vector bundle over R. If #{ and #; are linear integral manifolds of
(1), then the intersection and the sum

W, W, ={(1, &) e RXRY : £ e W{(x) n #;5(2)}

Wi+ W :={(t,&) e RxRY : Ee Wi () +W5(7)}
are also linear integral manifolds of (1). A sum #{+ --- +#, of linear
integral manifolds is said to be a Whitney-sum #, @ --- @ W, if W;n W, =
Rx {0} for i#j. The image im P:={(zr,¢) e RxR":{eim P(z)} and

kernel ker P:= {(7, {) e RxR" : £ e ker P(7)} of an invariant projector P
are linear integral manifolds of (1) with ker P @ im P = R x R”.

Example 2.1. The system x, = —x;, X, = x, has the integral mani-
folds

Rx{0}x{0}, £={(1r,¢,0eR’}, #={(,0,&)eR’}, RxR’

The fibers are constant and the projections {0} x {0}, Rx {0}, {0} xR, R?
on the state space R? are usually called invariant manifolds.

The eigenvalues of this example are —1 and 1. They describe the
exponential growth of solutions and we get (note that 0 € (—1, 1))

G :={(1, &, &) e RxR?: (e779E,, e'77E,) is 0F-quasibounded}
U= {(z,&,&)eRxR: (e7 79, e'77E,) is 0~-quasibounded}
This motivates the definition of the following sets for system (1):
S ={(r,&) e Rx RN : ®(-, 1) & is y-quasibounded }
U, :={(r, &) e RxRY : ®(-, 1) & is p~-quasibounded}

It is easy to see that & and %, are linear integral manifolds of (1) and that
the following monotomczty holds

y<{=>% < and U >U
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Lemma 2.1. If x=[A(t)—yI] x admits an ED with invariant projec-
tor P for ay € R then

S, =im P, U, =ker P and S ® U, =RxR"

Proof. We show only &, =im P, since the rest is analogous.
() Let 7eR and {e H (1), ie., ||[®(t, 7)< Ce” for t>1 with
some positive constant C. Therefore [|®, (¢, 7) || < Ce™ for t>1. Now

write £=¢&,+¢&, with & eim P(z), &, € ker P(t). We show &, =0. The
invariance of P implies for ¢ € R the identity

&H=0,(7, 1) O, DI -P(0)]E=@, (7, D[] - P())] O, (2, 7) &
and with the ED of X = [ A(¢) —y/] x one has the estimate
&I < Ke " |@, (1, 1) & for t>7

Due to a > 0 and the boundeness of |®,(-, 7) £|| the right hand side con-
verges to 0 for ¢ — co. It follows &, = 0.

() LetreRand¢eim P(7), i.e., P(t) £ =¢&. The ED implies
@, ) &l < Ke ™ P EI <K& for t>7

and therefore ®( -, 7) £ is y*-quasibounded and we get & € (7). O

3. DICHOTOMY SPECTRUM

We continue our investigation of system (1).

Definition 3.1. The dichotomy spectrum of (1) is the set
2(A)={yeR:x=[A(t)—yI] x admits no ED}
and the resolvent set p(A) = R\ Z(A) is its complement.

Lemma 3.1. The resolvent set is open, i.e., for every y € p(A) exists a
e=2¢&(y) > 0 such that (y—e, y+¢) < p(A) and moreover

=9 and Uy =U, for (e(y—e, p+e)

v
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Proof. Letye p(A). Then X[ A(¢)—yI] x admits an ED, i.e.,

|®, (2, 5) P(s)|| < Ke™™~ for t=s
[®,(z, s)[1 —P(s)]|| < Ke™"~? for t<s
with an invariant projector P and constants K > 1 and « > 0. For ¢ :=a/2
and { € (y—e, y+¢) we have @ (1, 5) =7 2" 9®, (¢, 5s). Now P is also an
invariant projector for x = [ A(¢) —{I] x and the estimates
[®(2, 5) P(s)|| < KeV" "9 < Ke™™ 9 for t>s
[® (2, $)[L—P(s)]|| < Ke ¢+~ < Ke ™ for t<s

hold. Hence { € p(A). Moreover, since the exponential dichotomies involve
the same projector, Lemma 2.1 yields & = &, and %, = %, O

Lemma 3.2. Let y,, y, € p(A) with y, <y,. Then F =U, N, is a

72
linear integral manifold which satisfies exactly ore of the following two

alternatives and the statements given in each alternative are equivalent:

Alternative I Alternative I1
(A) F =Rx{0} (A4') 7 #Rx{0}
(B) [y, 721=p(4) (B')  Thereisale(y,,7,) N 2(A)
(C) %, =%, and U, = U, (C') dimY¥, <dim 9,
(D) %=, andU,=U, (D')  dim %, > dim %,

Jory e[y, 1]

Proof. (B) = (D). Arguing negatively, let us assume that there exists
aye[y,y,]suchthat & # %, or %, # U, wlo.g & #,. Define

{o:=inf{{e[y,»]: % =49}

The inequality & # %, implies {, € [, y,] and therefore {, € p(4). There
are two cases to consider: (i) &%, =, or (ii) &%, # ¥,,. In case (i) Lem-
ma 3.1 implies % =%, for { e ({,—e¢, {,+¢) with some &> 0, which con-
tradicts the definition of {,. In case (ii) Lemma 3.1 implies & # %, for
(e (¢, —¢, {,+¢), which also contradicts the definition of {,.

(D) = (C). This is obvious.
(C) = (B). Both systems x=[A(t)—y;/]x, i=1,2, admit ED with
constants K; >1 and «, >0. Since ¥, =9, and %, =%,, Lemma 2.1

72 722



250 Siegmund

implies that both ED involve the same invariant projector P. With K :=
max {K,, K,} and o :=min {a;, o, } we get
®,,(z, 5) P(s)|| < Ke™=9 for t=s
@, (2, )[1— P(s)]|| < Ke®*™? for t<s

for i =1, 2. The first inequality for i = 1 and the second for i = 2 imply

[®,(z, 5) P(s)| < Ke™9  for t>s

I®,(2, s)[T—P(s)][| < Ke**™  for t<s

for every y € [y;, 7, ] and therefore [y,, 7,] < p(4).

(C) = (A). Lemma 2.1 implies & =%, N, =U, N, =Rx{0}.
Thus we have (B) < (C) < (D) = (A).

(C') <= (D'). Lemma 2.1 implies dim %, +dim %, = N, i = 1, 2, hence
dim ¥, <dim &, < N —dim %, < N —dim %,, < dim %, > dim %,,.

(B") = (C"), (D). Since (B’) is the opposite of (B), the proved impli-
cation (C) = (B) yields &, # &, or %, # %,,. Monotonicity implies &, &

»2
%, or U, 27U, wlo.g. ¥ <9, Then there is a 7 € R such that ¥ (7)

& 4,(t). For subspaces, however, this is possible only if dim & (7) <
dim ¥ (7).

(C), (D) = (A’). Using dim ¥, <dim &, and dim & +dim %, = N
we get
dim# =dim[%, N %,]> dim %, +dim &, — N
>dim %, +dim &, —N =0

and therefore % is not the trivial integral manifold which has dimension 0.

(A") = (B’). Since (A’) is the opposite of (A), the proved implication
(B) = (A) implies the opposite of (B) which is (B').
Thus we have (A’) < (B') < (C') < (D).

(A) = (B), (C), (D). The implication (A) = (B) is equivalent to the
proved implication (B’) = (A"). O

The following algebraic lemma is quite obvious: Let 4, B and C be
subspaces of a vector space X. If 4 2 C then

AN[B+C]=[4nB]+C
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Spectral Theorem. The dichotomy spectrum X(A) of (1) is the disjoint
union of n closed intervals (called spectral intervals) where 0 <n<N, i.e.,
2(A)= & or X(A) =R or one of the four cases

[al’ bl] [an’ bn]
2(A) = or Ulay,, byJu ---vla,_,b,_1]V or
(_wa bl] [an’ OO)

where a; < b, <a, <b,< --- <a, <b,. Choose a

70 € p(A4) with (—o0, y,) < p(A) if possible (5)

otherwise define U, :=RxR", & :=Rx{0}. Choose a

Yn€p(A)  with (y,,0) < p(A) if possible (6)
otherwise define U, :=Rx {0}, & :=RxR". Then the sets

Wo=, and Woir = U,

R} n

are linear integral manifolds of (1). For n =2 choose y; € p(A) with
b, <y <a;, for i=1,.,n—-1 (7)
Then for every i = 1,..., n the intersection

% = %Yi—l N %z’

is a linear integral manifold of (1) with dim #; > 1. The linear integral
manifolds #;, i =0,...,n+1, are called spectral manifolds and they are inde-
pendent of the choice of y; in (5), (6) and (7). Moreover

Wo® - ®@W,,, =RxR" ( Whitney sum)

e, W;n\W;=Rx{0} fori#jand Ws+ --- +#,,, =RxR".

Proof. First, recall that the resolvent set p(A) is open (Lemma 3.1)
and therefore the dichotomy spectrum X'(A) is the disjoint union of closed
intervals. Next we will show that X'(A4) consists of at most N intervals.
Indeed, if 2'(A) contains N+ 1 components, then one can choose a collec-
tion of points {,...,{y in p(A) such that {; < --- <{y and each of the
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intervals (—=c0,¢,), ({15 &2)sevos (Cy—1> Ln)s (Cs 00) has nonempty intersec-
tion with the spectrum X(A4). Now alternative II of Lemma 3.2 implies

0<dim¥ <--- <dm% <N

and therefore either dim &, =0 or dim &%, = N or both, w.lo.g. dim &
=N, ie., %, =RxR". Because of Lemma 2.1 the projector P of the ED
of x= [A(t)—C ~I]1x equals I and Remark 2.1 yields the contradiction
(¢y, 0) = p(A). This proves the alternatives for 2'(4).

Obviously the sets #4,..., #,,, are linear integral manifolds. To prove
now that dim #] > 1,. d1m W >1 for n>1, let us assume that dim #;
=0,ie, %,Nn, = R X {0} If (—o0, b,] is a spectral interval this implies
that &% =Rx{0}. Then the projector of the ED of x=[A(t) x—y, 1] x
equals 0 and Remark 2.1 yields the contradiction (—oo,y,) < p(4). If
[a;, b, ] is a spectral interval then [y,, y; 1 N 2 (A4) # & and alternative II of
Lemma 3.2 yields a contradiction. Therefore dim #; > 1 and similarly dim %,
> 1. Furthermore forn >3 andi =2,...,n—1 one has (y,_;, ;) n 2(4) # &
and again alternative IT of Lemma 3.2 yields dim #; > 1.

For i <j we have #; < ¢, and #; <%, <%, and with Lemma 2.1
this gives #; "W, = %, N U, R><{O} so‘/VmW R x {0} for i # j.

To show that #;+ - +‘//,,+1 =R xR”, choose and fix a 7eR and
recall the monotonicity relations @) (1), Uy(r)D - DU, (T)
and the identities &, () + %, (1) = R" fori = 0,..., n. Therefore RY = #¢(7) +
,,(t). Now using the algebraic lemma for n > 1, one has

= WD)+, (1) O [%,(0)+ U, ()]
= WD)+ [%, (1) N %,(D ]+, (1)
= He (D) + Wi (1) + 2, (2)
Doing the same for %, (t), we get
RY = #5(0) + Wi (1) +%, ()  [%,(0) + 2, (2)]
= WD)+ WD)+ [, (2) O S, ()] + %, (1)
= Wo(2)+ Wi (D) + H5(0) + 2, (2)

and mathematical induction yields RY = #;(t) + --- + ¥, ,,(7).
To finish the proof, let also ..., 7, € p(A) be given with properties
(5), (6) and (7). Then alternative I of Lemma 3.2 implies
S =

Vi Vi

and U, = U, for i=0,..,n
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and therefore the linear integral manifolds #4,..., #,,, are independent of
the choice of y,,..., y, in (5), (6) and (7). O

Remark 3.1 (Robustness). A well-known perturbation result (see,
e.g., Coppel [7, Proposition 4.1, p. 34]) implies that for each sufficiently
small ¢ > 0 and each y in the resolvent set p(A4) there exists a d = d(e, y) >0
such that for each locally integrable matrix function B: R — R¥*" with
sup,.r [|B(?)]| < the resolvent set p(A+B) of the perturbed system
X% =[A(t)+ B(2)] x also contains the value y. For systems (1) with compact
hull (see Remark 3.2) Pliss and Sell [10] prove that the dichotomy con-
stants and the invariant projector depend continuously on the perturba-
tion. Nevertheless in general perturbations can “melt together” two nearby
spectral intervals as well as “break up” a spectral interval into two new
intervals.

3.1. Bounded Growth

We follow Coppel [ 7] and will say that (1) has bounded growth if there
exist constants K > 1 and a > 0 such that

[®(z, s)|| < KeV— for t,seR ®)
Note that (1) has bounded growth if and only if each solution of (1)

depends uniformly continuous on initial conditions, i.e., for each 2> 0 and
& > 0 there is a corresponding 6 = d(h, ¢) > 0 such that for &, n e RY

IE—nll <J = |®(t, 7) E—D(t, 7) g <& forall £,7eR with |t—1|<h

Theorem 3.1. The following statements are equivalent:

(A) The linear system (1) has bounded growth.

(B) The linear system (1) has a nonempty and compact dichotomy
spectrum X(A)=1[a,b ]V --- Ula,,b,] where 1 <n<N and
the spectral manifolds W, and W, are trivial, i.e., W ® --- @
W, =RxR".

Proof. (A) = (B). Assume that (8) holds. Let y > a. With the defini-
tion a : =y —a > 0 the estimate (8) implies

|®,(7, )| < Ke ™™™ for t>s
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and therefore x = [ A(t) —yI ] x admits an ED with invariant projector P = 1.
We have y € p(A4) and similary for y < —a, therefore 2'(4) <[ —a, a], ie.,
the dichotomy spectrum is bounded. Additionally Lemma 2.1 implies

S =RxRY¥ and % =Rx{0} for y>a

& =Rx{0} and % =RxR" for y<-—a

ie., #5 =, =R x{0}. To show that Z(A4) is nonempty, define
Yo :=inf{y € p(4) : &, =R xR"}

it follows y, € [ —a, a]. Arguing negatively, let us assume now that y, € p(4).
There are two cases to consider: (i) &, = RxR" or (ii) %, #RxR". In
case (i) Lemma 3.1 implies & =R xR" for y e (y,—¢, y,+¢) with some
&> 0, which contradicts the definition of y,. In case (ii) Lemma 3.1 implies
&, #RxRY for y e (y,—¢&, yp+¢), which also contradicts the definition of
vo- Hence y, € 2(A4) # &.

(B) = (A). Choose a collection of points y,, y;,-.., ¥, € p(A4) such that
Yo<a<b <y <<y <a,<b, <y,
Monotonicity implies the inclusion #; =%, %, <%, N ¥, fori=1,...,n
and therefore #|+ --- +W, < U, N ¥, . Since by assumption #; + --- + ¥,
=R xR¥”, one has

X£,(t)=RY and & (r)=R" forall 7eR

It then follows from Lemma 2.1 that x = [4(¢) —y,/] x admits an ED with
constants K; > 1, o; > 0 and invariant projector P =0, i.e., the dichotomy
estimate

[Pz, 5)|| < Kje®tt=9  for ¢<s

holds. Also x =[A(¢)—y,/] x admits an ED with constants K, > 1, a, >0
and invariant projector P = I and one has

D(z, 5)|| < K,en= =9 for t>s
2

Combining these two estimates with K :=max {K,, K,} and a := max{0,
—Yo— 0y, P — 0 } We get |@(z, s)|| < Ke*" " for ¢, seR. O

Remark 3.2 (Dichotomy spectrum and Sacker—Sell spectrum). In a
now famous paper [14] Sacker and Sell introduced a spectral theory for
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linear skew product flows with compact base. To apply the Sacker—Sell
theory to the linear skew product flow

m:Rx H(A)xRY - H(A) xR", 7(t, 4, x) = (a(t, A), §(t, A) x)

which is associated to the linear system (1), the hull H(A4) has to be
compact and this is the case if and only if (G. R. Sell [16, Thm. III.12,

p- 44))
(i) thereisa b in R such that [ |A(s+7)|ds<bforallzeR,
(ii)) for every ¢ > 0 there is a 6 > 0 such that

jl \A(s+1+h)— A(s+1)| ds < e
0

whenever |h| <J and r e R.

If L, is replaced by the space of almost periodic 4 or bounded and
uniformly continuous A or essentially bounded A4 then the hull is compact
with the uniform topology or the compact-open topology (see [ 14]) or the
weak*-topology (see [6]), respectively. At this point our Spectral Theorem
shows that the search for the adequate topology of H(A) is not necessary.
On the other hand, if 7 is a linear skew product flow with compact base
H(A), then the Sacker—Sell spectrum and the dichotomy spectrum coincide
and the Sacker—Sell theory implies the statement (B) of Lemma 3.1. There-
fore the equivalent statement (A) is also valid, i.e., (1) has bounded growth.
In other words: The Sacker—Sell theory is applicable to equations (1) with
bounded growth, if one knows an adequate topology for H(A). However,
there are systems (1) with bounded growth for which such a topology does
not exist, for example x = 2f cos(¢?) x has bounded growth. Assume that n
is the associated linear skew product flow with compact base H(A). Then
for a(s, A) =2(- +5) cos(- +s)>ec H(A) one has ¢(z, a(s, A)) x = exp(sin
(s+1¢)*—sin s?) x and by continuity of 7 and compactness of H(A4) there
exists an & > 0 such that

lo(z, o(s, A))| <2 for |tf|<e and all seR

Choosing keN with t:=\/n/2+2k7z—\/—n/2+2k7z<s and s:=

/ —m/2+ 2kr this yields the contradiction
exp(2) = exp(sin(s+1)?—sin 5s%) <2

We used the ideas of the Sacker—Sell theory to prove directly our
Spectral Theorem for linear systems (1). Although the base H(A4) = L}, of
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the associated linear skew product flow is in general not compact one can
show along the lines of [ 11, proof of Thm. 5, p. 453] that X' (4) = X (B) for
every B e H(A). This indicates a possible generalization of the Sacker—Sell
theory to linear skew product flows where the base space is note compact,
thereby yielding an analogous Spectral Theorem for the associated skew
product flow 7.

3.2. Scalar Differential Equations

For a scalar linear differential equation X = A(¢) x with 4:R—>R
locally integrable, the evolution operator can be given explicitely,

®(1,s) =exp <JI A(7) dr) for t,seR

Now we give examples to show that each alternative of the Spectral
Theorem really occurs (we could also give C* examples).

(@) 2(A)= for A(t) =|t|. Choose and fix an arbitrary y € R and
a>0. With the compact set M,,, :={reR:A4(r)<y+a} one has the
following estimate for ¢ < s:

[ 14@ =G+ de

_ [y+a—A(r)]dr+jD e e A@] e

[t,s1n M'y+ac +a

sf [y+a—A(r)]dr=:c

Since e "V ID(1, 5) = exp([: [A(r) — (y+a)] d7), it follows that
|®(z, 5)| < Ke"*¥=9  for t<s

where K =e° and this shows that X =[A(¢#)—y] x admits an ED with
projector P =0, i.e., y € p(A4).

(b) 2(A)=R for A(t) =t. Arguing negatively, let us assume that
there exists a y € R such that x = [ 4(¢) —y] x admits an ED. Recall that the
invariant projector P is continuous and P(z) € R is a projection, so either
P=0or P=1.1If P=0 the dichotomy estimate

1 12
027715 L Ker+=9 for t<s
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yields a contradiction for s=0 and ¢t > —oo and analogously for P=1.
With similar arguments the following dichotomy spectra are calculated.

S(A) = bfAt_b+tfort<0th
() 2(A)=(—o0,b] for A(z) = b fort>0’w ere b e
@ 2(4) = o) for d()) ={ for 1<0  here ae R

= ° 9] T = T €
“ © a+t for t>0,weea
a for t<0
() 2(4)=[a,b] forA(t)={ ,wherea,beR,a<b
b for t>0

One can easily see that a scalar differential equation X = A(z) x has
bounded growth if and only if

t
f A(t)dr < c+d|t—s| for t,seR

with constants ¢, d > 0. An interesting unsolved problem in this context is
to determine a characterization of bounded growth (in terms of the linear
part A) in higher dimensions (N > 2). Note that the scalar equation x =
2t cos(z*) x has bounded growth and one-point spectrum X'(4)= {0}
although the linear part A(¢) = 2¢ cos t? is unbounded. The class of scalar
differential equations with bounded growth is stable under addition, i.e., if
x=A;(t) x, i =1, 2, are scalar differential equations with bounded growth
then the equation x = [ 4,(¢) + 4,(¢)] x has bounded growth as well. This is
due to the fact, that for a scalar equation the evolution operator of the sum
is the product of the evolution operators of the first and second system. It
is an unanswered question if the class of higher dimensional systems (1)
with bounded growth is stable under addition.
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